Abstract. We exhibit Osserman metrics with non-nilpotent Jacobi operators and with non-trivial Jordan normal form in neutral signature (n, n) for any n ≥ 3. These examples admit a natural almost para-Hermitian structure and are semi para-complex Osserman with non-trivial Jordan normal form as well; they neither satisfy the third Gray identity nor are they integrable.
1.1. Affine Osserman manifolds. Let (M, D) be an n-dimensional affine manifold, i.e., D is a torsion-free connection on the tangent bundle of a smooth manifold M of dimension n. Let ) is Osserman at every point P ∈ M and if the eigenvalue structure and eigenvalue multiplicities are independent of P .
Riemannian extensions.
Let N := T * M be the cotangent bundle of an n-dimensional manifold M , let σ : N → M be the natural projection, and let Z(N ) be the zero section. If x = (x 1 , . . . , x n ) are local coordinates on M , let x ′ = (x 1 ′ , . . . , x n ′ ) be the associated dual coordinates on the fiber where we expand a 1-form ω as ω = x i ′ dx i ; we shall adopt the Einstein convention and sum over repeated indices henceforth. The following natural distribution will play a crucial role in our analysis:
Y := Span{∂ x 1 ′ , . . . , ∂ x n ′ } = ker(σ * ) .
For each vector field X = X i ∂ xi on M , the evaluation map ιX(P, ω) = ω(X P ) defines a function on N which, in local coordinates, is given by
Vector fields on N are characterized by their action on functions ιX; the complete lift X C of a vector field X on M to N is characterized by the identity
Moreover, since a (0, s)-tensor field on N is characterized by its evaluation on complete lifts of vector fields on M , for each tensor field S of type (1, 1) on M , we define a 1-form ιS on N which is characterized by the identity
Let (M, D) be an affine manifold. The Riemannian extension g D is the pseudoRiemannian metric on N of neutral signature (n, n) characterized by the identity:
If u and v are cotangent vectors, let u
to define the Christoffel symbols D Γ of D. One then has:
Riemannian extensions were originally defined by Patterson and Walker [27] and further investigated in relating pseudo-Riemannian properties of N with the affine structure of the base manifold (M, D). Moreover, Riemannian extensions were also considered in [16] in relation to Osserman manifolds (see also [9] ).
The modified Riemannian extension is the neutral signature metric on N defined by (see [5] for a more general construction)
In a system of local coordinates one has
The manifold (N, g N ) is a Walker manifold where the parallel degenerate distribution is in this instance given by Y [29] . There is a canonical almost para-Hermitian structure J, i.e. a linear map of T N so that J 2 = Id and J * g N = −g N , which will play a crucial role in our analysis. In local coordinates, it is given by (2) J :
The case that D is flat is of particular interest. LetCP be para-complex projective space of constant para-holomorphic sectional curvature +1. Then [5] :
Para-complex projective spaceCP is Jordan-Osserman with diagonalizable Jacobi operators. Let gC P (ξ, ξ) = ±1. Then the eigenvalues of gC P J (ξ) are ±(0, 1, (
Let P(N ) be the bundle over N of non-degenerate J-invariant tangent 2-planes. If π ∈ P(N ), choose ξ ∈ S + (π, g N ) and, following [28] , define the para-complex Jacobi operator to be:
this operator is independent of the particular ξ chosen. Higher order Jacobi operators of this nature were first considered by Stanilov and Videv [28] in the real setting. One says that (N, g N , J) is semi para-complex Osserman if gN J (·) has constant eigenvalues on P(N ); if additionally gN J (π) commutes with J for all π ∈ P(N ), then (N, g N , J) is said to be para-complex Osserman -this implies D is flat by Theorem 1.6 so this condition is not particularly interesting in the setting we are considering. These examples provide genuinely new phenomena. The following result shows that Jordan normal form of gN J can be quite complicated; it also shows that (N, g N ) need not be Jordan-Osserman: Theorem 1.4. Let r ≥ 2 and let U be an r×r lower triangular matrix. There exists an affine Osserman manifold (M, D) of dimension r + 1, there exists Q ∈ Z(N ), and there exist ξ i ∈ S + (T Q N, g N ) for i = 1, 2 so that:
There also are non-trivial examples in the para-complex setting:
is not Jordan semi para-complex Osserman, and so that the para-complex Jacobi operators are not always diagonalizable.
One says that an almost para-Hermitian manifold (A, g A , J) satisfies the third Gray identity if
An almost para-Hermitian manifold (A, g A , J) is integrable if there exist local coordinates (u 1 , . . . , u n , v 1 , . . . , v n ) centered at any given point of A so that J∂ ui = ∂ vi and J∂ vi = ∂ ui or, equivalently [7] , if the Nijenhuis tensor N J vanishes where
be an affine manifold. The following conditions are equivalent:
Theorem 1.2 was first discovered in low dimensions using a computer assisted calculation; subsequently the general case was derived. Here is a brief outline to the paper. In Section 2, we prove Theorem 1.2 and Theorem 1.3. In Section 3, we construct various examples to demonstrate Theorem 1.4 and Theorem 1.5. We conclude the paper in Section 4 by establishing Theorem 1.6.
The eigenvalue structure
We begin our discussion with a technical result. Although well known, we include the proof to keep our discussion as self-contained as possible. If D is an arbitrary connection on T M , the torsion tensor T ∈ Λ 2 (T * M ) is defined by:
Lemma 2.1. Let D be an arbitrary connection on T M . Let P ∈ M . The following conditions are equivalent:
The torsion tensor T = 0 vanishes at P .
Proof. Let x = (x 1 , . . . , x n ) be a system of local coordinates on M . The torsion tensor T vanishes at P if and only if
In particular, if there exists a coordinate system where D Γ(P ) = 0, then necessarily T vanishes at P . Thus Assertion (1) implies Assertion (2). Conversely, assume that Assertion (2) holds. Define a new system of coordinates by setting:
Assertion (1) now follows by setting a lij := D Γ ij l ; the fact that a lij = a lji is exactly the assumption that D is torsion-free at P .
Let (M, D) be an affine manifold, let Q ∈ N = T * M , and let P := σQ ∈ M . As D is torsion-free, we may apply Lemma 2.1 to make a change of coordinates on M so that D Γ(P ) = 0. Let gC P R be the curvature tensor of the metric
This metric is not invariantly defined but depends on the coordinates chosen. We note g N (Q) = gC P (Q). We set
J } be the associated Jacobi operators. Lemma 2.2. Let (M, D) be an affine manifold, let Q ∈ N , and let P = σQ. Let ξ ∈ T Q N , and let a = σ * (ξ) ∈ T P M . Then we have, relative to the natural coordinate frame {∂ x1 , . . . ,
R is an additional term measuring the interactions between the metrics gC P and g D in the combined metric g N of Equation (1) . By [4] (page 54 Equation (3.6)), gD J (ξ) has the form given in the Lemma. We will complete the proof by showing that the additional interaction terms define a Jacobi operator with
We use dimensional analysis. Define:
We consider the rescaling x i → c −1 x i ; this induces a dual rescaling
k Θ under this rescaling. For example, the metrics gC P , g D , and g N are all homogeneous of degree 0; thus they are invariant under this rescaling.
It is clear that the Christoffel symbols of the first kind decouple: Γ has degree at least +2. In raising indices in the metric g N rather than in the metric g D , we must take into consideration the x i ′ x j ′ dx i • dx j term; thus interactions of this form involving D Γ contribute terms of degree at least 2 + 2 = 4 to E R. We also have interaction terms which are bilinear in gC P Γ ⋆⋆⋆ and gD Γ ⋆⋆⋆ after an index is raised in each factor. Such terms are at least quadratic in {x i ′ } and linear in ∂ xi D Γ and consequently have total degree at least +4. We therefore conclude that any monomial of the interaction tensor E R has total degree at least +4. The degree of E R w1w2w3 w4 is ±1 ± 1 ± 1 ± 1; such a term has degree at most +4 and the degree is exactly +4 if and only if w 1 ∈ {1, . . . , n}, w 2 ∈ {1, . . . , n}, w 3 ∈ {1, . . . , n}, and if w 4 ∈ {1 ′ , . . . , n ′ }. Consequently E R defines a Jacobi operator mapping Span{∂ xi } to Y.
Let E λ (ξ) (resp. E λ (ξ 1 )) be the eigenspaces of gC P J (ξ) (resp. gC P J (ξ 1 )) for the eigenvalue λ ∈ {0, 1,
We then have
(
Proof. Equation (2) 
⊥ which is false; this contradiction establishes Assertion (2). To prove Assertion (3), express:
As gC P J (ξ)ξ = 0, as gC P J (ξ)ξ 1 = ξ 1 , and as
As 2 J (ξ)ξ = 0 and as
We examine the eigenvalue structure:
(1) If η ∈ U(ξ) ⊗ R C, then µ = 
If η / ∈ U(ξ) ⊗ R C, thenη ∈ V(ξ),η = 0 and gNJ (ξ)η = µη. By Equation (6), To prove Assertion (3), we note that gC P J (ξ) = } for all ε so the eigenvalue multiplicities are unchanged during this perturbation as well. Taking ε = 0 yields the desired multiplicities and establishes Assertion (1) of Theorem 1.2 for ξ spacelike. We now use results of [17] to see that spacelike Osserman implies timelike Osserman and to relate the eigenvalues and eigenvalue multiplicities on S + (T Q N, g N ) to the eigenvalues and eigenvalue multiplicities on S − (T Q N, g N ); alternatively, of course, one could simply proceed directly as well. This proves Assertion (1) of Theorem 1.2; Assertion (2) follows from Assertion (1).
Proof of Theorem 1.3. Let (M, D) be an affine manifold, let Q ∈ N , let π ∈ P Q (N ), and let ξ ∈ S + (π, g N ). Let a = σ * ξ = σ * J(ξ). By Lemma 2.2,
J (π)Y = 0, and 2 J (π) is nilpotent. Choose a basis {e 1 , e 2 , f 1 , . . . , f 2n−2 } for T Q N so Span{e 1 , e 2 } is the +1 eigenspace of gC P J (π) and so Span{f 1 , . . . , f 2n−2 } is the + 1 2 eigenspace of gC P J (π). We compute:
By Equation (5),
We may now conclude:
gC P J (π) on Y and consequently by Equation (5) and Lemma 2.3, 2 is an eigenvalue of multiplicity 2n − 2 and 1 is an eigenvalue of multiplicity 2.
Examples
Throughout Section 3, we will take M = R n for some n and we will consider a point Q ∈ Z(N ) so that D Γ(P ) = 0 where P = σ(Q). This simplifies the computations greatly. We will list only the possibly non-zero components of various tensors up to the obvious Z 2 symmetries. (1) The possibly non-zero curvatures of
The non-zero curvatures of gC P R(Q) are:
Proof. Let (u 1 , . . . , u n ) be coordinates on a pseudo-Riemannian manifold (U, g U ).
Expand
Suppose that the 1-jets of the functions g ab vanish at a point S of U . We then have
We apply this observation to the setting at hand. Since x ′ and D Γ vanish at Q and P , respectively, the 1-jets of g D , of gC P , and of g N vanish at Q. We establish Assertion (1) by computing:
The proof of Assertion (2) and of Assertion (3) is similar. 
The curvature is given by
Without loss of generality, we suppose i < j. The first term can play a role only if i = k = 0. The second term plays no role. The third can play a role only if i = k = 0. The final term plays no role. Thus possibly non-zero curvatures are:
Let X ∈ T P M . As we must have 0 < a < b in the above relation,
Consequently (M, D) is affine Osserman. Assume θ(0) = 0 and ∂ x0 θ(0) = −1. We set P = 0 and take Q = (0, 0). We may then apply Lemma 3.1 to see:
is diagonalizable and exhibits trivial Jordan normal form; the curvature of D plays no role. Next, we consider
Proof of Theorem 1.5. Let n ≥ 3, let M = R n , let P = 0, and let Q = (0, 0). Let θ = θ(x 1 ) be a smooth function of 1 variable. Let θ 1 := ∂ x1 θ; we suppose θ(0) = 0 and θ 1 (0) = 0. Let D be the affine connection whose only non-zero Christoffel symbol is D Γ 22 3 = θ. Since θ = θ(x 1 ) and since the only non-zero covariant derivative is D ∂x 2 ∂ x2 = θ∂ x3 ,
Since N J = 0, we conclude (M, D) is flat. We note that N J always vanishes on Z(N ). Thus for this computation it is necessary to take Q arbitrary.
4.3.
The third Gray identity. Suppose that (N, g N , J) satisfies the third Gray identity which is given in Equation (3). Let Q ∈ Z(N ) and let P = σ(Q). Choose coordinates on M so D Γ(P ) = 0. We apply Lemma 3.1. SinceCP satisfies the third Gray identity, we conclude gD R satisfies the third Gray identity at Q. Thus 
